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The paper includes a new concept of assessment of rupture risk of intracranial saccular 
aneurysms using geometric and hemodynamic parameters of aneurysm, artery and blood. 
Previous decision systems are mainly based on the size of aneurysm and frequency of 
subarrachnoid hemorrhages, therefore after performing simulation tests it has been proved 
that the complex assessment of clinical cases is possible thanks to evaluation of shape and 
size coefficient of a secondary aneurysm occurring on the surface of a primary aneurysm, 
width of a primary aneurysm neck, curvature of an artery on which a primary aneurysm is 
located and the size of blood impingement area at artery wall. The paper contains results 
of the simulation tests of blood flow in the primary and secondary aneurysm, as well as 
verification of proposed criteria of rupture risk assessment for 5 clinical cases.
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1. Introduction

Intracranial saccular aneurysm is a pathological bulge of the cerebral artery. It is mostly 
located on the weakened artery wall where it gradually grows until a sac of 5 to 10 mm 
is formed, although the size may exceed 25 mm. Aneurysms are supposed to occur at 
2 to 5% population, whereas 15 to 20% patients have multiple intracranial aneurysms. 
Aneurysms are usually detected as a result of rupture leading to the subarachnoid 
hemorrhage or even to the cerebral ventricle hemorrhage. In case of the subarachnoid 
hemorrhage, the risk of death is from 30 to 50% [1]. Moreover, it is estimated that 
9–16 per 100 000 people can suffer aneurysm rupture within life-span.
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The clinical evidence shows that mainly larger aneurysms are prone to rupture, 
however, it happens that aneurysms of diameter less than 5 mm rupture whereas 
aneurysms of diameter more than 10 mm are intact for a long time [2, 3, 4]. Thereby, 
evaluation of the rupture risk of aneurysms solely on the basis of size criterion shall 
not be helpful in planning of the treatment by neurosurgeons [5]. 
 Autopsies often proved presence of unruptured aneurysms at patients whose 
cause of death was different [6, 7]. A surgical intervention, e.g. clipping of the 
aneurysm neck, involves a risk of post-operative complications [8, 9], and intra-
vascular embolisation is not always efficient due to numerous cases of movement 
of coils from the aneurysm into aorta. Therefore, the rupture risk of the intracranial 
aneurysms is also assessed using of the parametric relations based upon the geom-
etry of aneurysm and artery, as well as dynamic properties of blood flow. The main 
objective of all hemodynamic researches is specifying of criteria for evaluation of 
the rupture risk of aneurysms in order to minimise the number of surgical inter-
ventions. The researches are performed by means of CFD software for analysis of 
dynamics of blood flow (the most often used software is Fluent packet) [10–15] 
and hydraulic and mechanic systems that simulate aneurysm, and artery and blood 
environment [16–19]. Some parameters, such as blood velocity, are calculated using 
the systems involving the Doppler effect [20, 21]. The source of data necessary for 
creating models of aneurysms by means of CFD software are CT [22, 23, 24] and 
MRI images [25, 26].
 Making a decision for treatment of the intracranial aneurysms triggers making 
a choice between consequences of surgery and long-term rupture risk of aneurysm. 
The biggest obstacle in the decision-making process is a relatively long period of 
acquisition of data necessary for making the decision and difficulty in generalisation 
of the obtained results for every patient due to a considerable quantity of analysed 
parameters. The decision analysis firstly requires defining of the factors contributing 
to rupture of aneurysm, then evaluating the parameters describing the factors and 
probability of occurrence of the specific parameter values, and finally comparison 
of every factor in aspect of its impact on the decision-making process. In previous 
years various medical decision analyses were performed, including several studies 
for the unruptured aneurysms [27–31].
 The analysis of the above mentioned ideas of the decision systems proves that 
they are solely based on statistical data for selected age groups including only the fact 
of rupture of aneurysm, subarachnoid hemorrhage and average values of the rupture 
risk of different aneurysm classes or occurrence of post-operative complications for 
every age group, and the most often used parameter in classification of the rupture 
risk of aneurysms is the size.
 Therefore, upon published results of researches, it can be proposed that estima-
tion of the selected parameters of the intracranial aneurysms using the mathematical 
model involving shape and hemodynamics of blood flow in artery and aneurysm can 
support neurosurgeons in the decision-making process related to the aneurysms.
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 It has been observed that assessment of the following parameters is especially 
essential for neurosurgeons:
 • Coefficient of shape and coefficient of size of the secondary aneurysm form-
  ing on the surface of primary aneurysm;
 • Width of the primary aneurysm neck;
 • Degree of curvature of the artery, on which the primary aneurysm is
  located.

2. Analysis of the Rupture Risk of the Secondary Aneurysm

The clinical researches prove that enlargement of the intracranial aneurysms is the 
consequence of forming of so called “blebs” or “lobulations” on the surface of primary 
aneurysms [32, 33]. In 60s Crompton found that the secondary aneurysms formed on 
the surface of 57% ruptured aneurysms and only 16% unruptured aneurysms [34]. 
Moreover, the researches made by Sampei [35] showed that 75% unruptured aneurysms 
with a bleb on the surface ruptured within 1 to 10 months since detection of the primary 
aneurysm, whereas just 20% aneurysms without bleb on the surface ruptured within the 
same period of time. The neurosurgeon practice shows that the secondary aneurysm is 
a potential health hazard and shall be immediately treated, and if surgery is not recom-
mended, the follow-up tests, i.e. CT or MRI, shall be performed regularly.
 The stability problem of the intracranial aneurysms was also described by Steiger 
[36], who noticed that formation of the secondary aneurysm on the weaker aneurysm 
wall changed stability conditions of the primary aneurysm, and by Meng et al. [37] 
who explained the process of evolution of the secondary aneurysm by means of 
Laplace law.
 The analysis of the rupture risk of the secondary aneurysm is based on a study 
of dynamics of wall tensile stress of the primary and the secondary aneurysm [38]. 
Figure 1 presents the primary aneurysm of dp(0) wall thickness for t = 0 and dp(T) 
wall thickness for t = T, whereas the secondary aneurysm of dw(T) thickness formed 
on the surface of the primary aneurysm. Moreover, the control area B of the primary 
aneurysm of the same volume as area A where the secondary aneurysm occurred, 
was shown for t = 0. The assumption of the identical rate of growth of the primary 
and the secondary aneurysm was used for further calculations.
 Using the above mentioned assumption, the identical volume of A′ and B′ area 
was accepted according to the following formula:

 2 2
2 2
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where R(T) is the radius of the primary aneurysm after period T, r(T) is the radius of 
the secondary aneurysm after period T, l´(T) is half of the orifice of the secondary 
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aneurysm after period T, h′(T) is the height of the secondary aneurysm after period 
T, dp(T) is the thickness of area B′ of the primary aneurysm after period T, and dw(T) 
is the thickness of area A′ of the secondary aneurysm after period T. Equation (1) 
can be expressed as:
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Fig. 1. Forming of the secondary aneurysm at the surface of the primary aneurysm

 Considering the fact that wall of the aneurysm is very thin as compared with 
a radius of the aneurysm, the linear form of Laplace law was applied for the aneu-
rysms according to the following formulas:
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where Sp(T) and Sw(T) are the wall tensile stresses of the primary and the secondary 
aneurysm after period T, respectively. The relation between the wall tensile stresses 
can be defined as a relative stress η(T) according to the formula (5):

   η T
S T

S T
w

p

( ) = ( )
( ) . (5)

Applying the following relation for the secondary aneurysm:
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the following equation for η(T) was derived:
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 is the size coefficient of the secondary aneurysm showing 

relative width of the neck of the secondary aneurysm as compared with the
radius of the primary aneurysm,
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 is the shape coefficient of the secondary aneurysm showing 

the relation between the height and the neck of the secondary aneurysm.
 The wall tensile stress of the aneurysm is one of the main factors increasing the 
rupture risk of aneurysm, therefore the analysis of the relative stress η as the function 
of the size coefficient μ and the shape coefficient λ was performed:
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The relative stress is the basis for assessment of the rupture risk of aneurysm, and is 
the function of two non-dimensional parameters, thereby properties of the aneurysm 
of any size and the rupture risk of aneurysm can be evaluated.
 Figure 2 presents the graph of the relative stress as a function of the shape coef-
ficient λ for various values of the size coefficient μ. For a specified value of λ, the rela-

tive stress is minimal if 
∂
∂

=η
λ

0,  i.e. for λ = =3
3

0 577. . The start point of all charac-

teristics is at η=1, as the secondary aneurysm forms at wall of the primary aneurysm, 
and during growth of the secondary aneurysm its tensile stress is equal to the tensile 
stress of the primary aneurysm, therefore the initial value of the relative stress is 1.
 The shape of curves in Fig. 2 is typical for evolution of the secondary aneurysm. 
During growth of the secondary aneurysm two simultaneous processes (phases) 
occur:
 • change of radius r. As the secondary aneurysm grows, its radius decreases until
  a semi-sphere is formed (parameter λ is equal to 1), and then it increases.
 • the wall of the secondary aneurysm is getting thinner. It is caused by limited
  extensibility of the wall layers of aneurysm.
 As for the value of the relative tensile stress, i.e. η ≥ 1, the rupture risk of an-
eurysm is significantly increased. The walls of the secondary aneurysm are far less 
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tensile than the walls of the primary aneurysm, thereby the strength of the walls of 
the secondary aneurysm shall be at most equal to the strength of the walls of the 
primary aneurysm. It can be anticipated that the rupture occurs when the strengths 
of the walls of both the primary and secondary aneurysms are identical.

Fig. 2. The graph of the relative tensile stress η as the function of the shape coefficient λ of the secon-
dary aneurysm, concurrent with [37]

Fig. 3. Rupture risk zones of the secondary aneurysm concurrent with [37]
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 Three main zones can be separated within aneurysm (as in Fig. 3): the secure, 
the transitional and the rupture zone. The secure zone is an area of growth of the 
aneurysm until stability is achieved, i.e. the aneurysm is not prone to the rupture. 
The transitional zone is a state between the stability of the aneurysm and the rupture, 
therefore the aneurysms located within the transitional zone must be regularly checked 
up by means of CT or MRI. The rupture zone is an area located over the rupture line 
where the aneurysm shall rupture according to the assumptions of the model of the 
primary and the secondary aneurysm. Upon Figure 3, the prediction of the rupture 
risk of the intracranial aneurysms can be performed, and treatment for aneurysms 
within the transitional zone shall be be recommended.

3. Simulation Tests of Blood Flow in Artery and Aneurysm

The model of aneurysm on a straight artery is the most often applied model helpful 
in understanding the process of evolution and growth of aneurysms [39]. However, in 
clinical practice the aneurysms on straight artery are observed very seldom. Sidewall 
aneurysms are prevalent and they grow at bifurcations of the arteries and at the artery 
curvatures. The researches are based on simplified assumptions and cannot repro-
duce physiological changes within a hemodynamic environment [40, 41]. Therefore, 
the model of aneurysm on the curved artery has been elaborated, and the detailed 
analysis of blood flow in the aneurysm and the artery of various curvatures has been 
performed. Comsol Femlab 3.0, Fluent and STARCD packets were applied in this 
study for the analysis of blood flow in aneurysms of various neck width located on 
the arteries of various curvature.
 The spherical aneurysm geometry was accepted, and the analysis of hemodynamic 
properties was performed through variation of the curvature of the aorta and the neck 
width of the aneurysm for unchanged values of other parameters, i.e. diameter of the 
aorta and the aneurysm.
 Ten models of the sidewall aneurysms were elaborated for the study of influence 
of the artery curvature on the blood flow profile and the stress distribution [42, 43]. 
R was accepted as the radius of the aorta curvature, (1/R) as the curvature of aorta, 
D as the aneurysm diameter, N as the aneurysm neck width, and d as the diameter 
of aorta. The models were divided into two groups, whereas the first group included 
six aneurysms R1–R6 of six different artery curvature values, and the other group 
included four aneurysms N1–N4 of four different neck width values. The diameter 
of the aorta was accepted as 3 mm, and the aneurysm diameter as 12 mm for all ten 
models. For the models R1–R6, the artery curvature varied from 0 to 0.1667 mm –1, 
and the neck width was fixed at 7.5 mm. For the models N1–N4, the neck width 
varied from 6 to 9.56 mm, and the artery curvature was fixed at 0.0833 mm–1.
 Before simulations were performed, the input and output conditions for blood 
flow were determined. At the input of the artery the complete Womersley profile 
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was applied (according to the formula 9), and the zero pressure gradient was used at 
the output of the tested system. The implicit scheme was selected due to its stability 
even for large numerical steps. The simulations of blood flow at the stable state (for 
the constant blood flow velocity of 30 cm⋅s–1) were interrupted when the defined 
tolerance (i.e. e –5) was achieved.
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J0( ) – the Bessel function of the first kind (of the 0 order),
J1( ) – the Bessel function of the first kind (of the 1st order),
vw – velocity of blood flow according to the Womersley profile,
Q0 – 0-th element of Fourier series representation of blood flow rate,
Qn – n-th element of Fourier series representation of blood flow rate,
a – radius of blood vessel,
r – apex of blood flow within vessel in Y-axis,
ω – blood pulsation,
n – number of Fourier series coefficients,
ν – kinematic viscosity of blood,
i – imaginary unit,
T – cardiac cycle.
 The blood flow rate Q(t) can be approximated by the complex Fourier series, 
therefore on the basis of data from measurement of the blood flow rate in the carotid 
artery of a 25-year old patient using Doppler effect [44], the coefficients an and bn of 
the Fourier series (for the first 4 harmonics) approximating the blood flow rate Q(t) 
were calculated. FFTPack in Fortran language was applied for the calculations.
 It was assumed for the artery and the aneurysm that the period of the simulated 
blood flow was 1 s correspondent to the heart rate of 60 beats per minute. The 
maximum flow velocity was so fixed to be equal to the maximum flow velocity of 
59.8 cm·s–1 measured in the carotid artery. Moreover, the kinematic viscosity was 
accepted as 2.83 · 10–6 m2 · s–1, and the blood density as 1060 kg · m–3, whereas the 
diameter of the carotid artery was 3 mm. These values are physiological for human 
blood of 37ºC temperature and 45% hematocrit.
 Figure 4 presents the pulsational blood flow entering the artery and the aneurysm 
of the Womersley velocity profile. The results obtained during the first and the second 
heart cycle were not taken into account due to numerical instability within the initial 
simulation period.
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 The flow simulation in the stable state and the pulsational flow were performed 
in the Comsol Femlab and the Fluent environment using two Core 2 Duo processors. 
The observed phenomena are described below [42]:

 1) Flow intensifies as curvature increases. If the artery curvature is close or 
equal to 0 (as for the model R1 of the straight artery), then blood enters the aneurysm 
as a diffusion of viscous particles. The arteries of higher curvature feature the velocity 
profile directed into the aneurysm sac as the consequence of impact of centrifugal 
force. Moreover, as the artery curvature increases (as for the model R5 or R6), the 
area of wall shear stresses moves towards the aneurysm dome (Fig. 5), i.e. the region 
primarily prone to the rupture, that is in accordance with conclusions in [43, 45]. 
The numerical values of curvature for six tested aneurysm models are listed in the 
Table 1 below.

Table 1. Overview of the artery curvature for six aneurysm models of the identical neck width

Aneurysm Artery curvature 1/R (mm–1) Aneurysm neck width N (mm)

R1 0.000 7.500
R2 0.067 7.500
R3 0.083 7.500
R4 0.100 7.500
R5 0.125 7.500
R6 0.167 7.500

 2) The performed tests have proved that the size of blood impingement area 
varies dynamically during the heart cycle lasting from about 0.8 to 1 second.

Fig. 4. The pulsational blood flow in an artery and an intracranial aneurysm according to the
Womersley velocity profile
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The tests were performed for the wall shear stresses exceeding 20 dyn⋅cm–2. As 
for the artery R6 of high curvature (i.e. 0.167 mm–1), variation of the size of blood 
impingement area was more than twice as for the artery R2 of low curvature
(i.e. 0.067 mm–1).
 3) It can be concluded that the size of blood impingement area is the function 
of artery curvature and aneurysm neck width. It was noticed that the curvature 
increase contributed to faster enlargement of the blood impingement area than in 

Fig. 5. Comparison of the blood velocity profile for the different aneurysm models of the identical neck
 width during the maximum systole for the pulsational flow, concurrent with [43] 

R1                                         R2                                          R3

R4                                         R5                                          R6

Aneurysm

Artery

Fig. 6. Dynamic variation of the size of blood impingement area during the heart cycle, concurrent with [43]
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the case of the aneurysm neck width. This observation is proved by the Table 2, e.g. 
the size of the blood impingement area for aneurysm R4 is larger than for aneurysm 
N3 considering that the neck width and the artery curvature are similar for both the 
models. The size of the blood impingement area rises nearly linear with increase of 
the aorta curvature (1/R) and the third order of the aneurysm neck width (N 3).

Table 2. The size of blood impingement area and the value of N3/R parameter for the models R1-R6
    and N1-N4

Aneurysm model The value of N 3/R (mm2) The size of blood impingement area (mm2)

R1   0  3.4
R2 28.2 20.1
R3 36.7 24.2
R4 42.2 30.5
R5 52.7 40.6
R6 70.5 44.8
N1 17.9  7.8
N2 18.7 12.1
N3 42.5 24.9
N4 72.5 43.6

 4) Figure 7 presents the distribution of the blood flow velocity and the wall shear 
stress for the stable state (the Poiseuille flow) for a Reynolds number corresponding 
to the maximum systole and for the pulsational flow at the maximum systole.
 The distribution of the blood flow velocity and the wall shear stress is similar 
according to observations of Steiger [46], who noticed that the pulsational flow dif-
fered just slightly from the Poiseuille flow during systole, whereas during diastole the 
pulsational flow was significantly disturbed as compared with the Poiseuille flow.

Fig. 7. Distribution of the blood flow velocity (Fig. 7a) and the wall shear stress of the model R6
 (Fig. 7b) for the stable state (the Poiseuille flow) and for the pulsational flow at the maximum systole

Blood flow velocity Wall shear stress

a)     b)
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4.  Application of Geometrical and Mechanical Parameters
     for the Decision-making Process

On the basis of clinical data, the rupture risk for five cases of the primary aneurysm 
with the secondary aneurysm has been assessed. Selection of such cases is reasonable 
due to high frequency of rupture of aneurysms with blebs on their surface equal to 
0,75. The analysis of the rupture risk of two cases of the primary and the secondary 
aneurysm is presented below:

4.1. Sidewall Aneurysm of Small Neck Width Located on Artery
       of High Curvature

Using images from the spiral CT, the following geometrical parameters of the an-
eurysm and the artery in the initial growth phase of the secondary aneurysm were 
determined:
 • Curvature of the artery on which the primary aneurysm was located:
  0.16 mm–1;
 • Width of the primary aneurysm neck: 7.72 mm;
 • Radius of the primary aneurysm: 4.8 mm;
 • Width of the secondary aneurysm neck: 1.2 mm;
 • Height of the secondary aneurysm: 0.7 mm.
 As for the above specified values of parameters, the shape coefficient λ and the 
size coefficient µ were 1.17 and 0.125, respectively. Thereby, the aneurysm was lo-
cated within the transitional zone and it was necessary to perform the follow-up test 
within a shorter period than the planned one by neurosurgeon due to the increased 
rupture risk of the aneurysm. Location of the aneurysm in the initial growth phase 
is denoted as � 1 in Fig. 8.
 The follow-up test showed that width of the secondary aneurysm neck was 2.6 
mm, height of the secondary aneurysm was 2.8 mm, radius of the primary aneurysm 
was 6.3 mm, and width of the primary aneurysm neck was 7.91 mm. As for those 
parameters, the shape coefficient λ and the size coefficient µ were 2.154 and 0.206, 
respectively, and the aneurysm was located in the rupture zone. Location of the 
aneurysm in the second growth phase is denoted as � 2 in Fig. 8. Taking into ac-
count the results of simulations, i.e. occurrence of the wall shear stresses exceeding 
10 dyn ⋅ cm–2 in the area of the blood impingement at the neck of the primary aneurysm 
for curvature of the artery higher than 0.1 mm–1, and the area of the blood impinge-
ment at the neck twice as large as the area of blood impingement of the aneurysm 
located on the artery of 0.1 mm-1 curvature, this case must be immediately treated 
surgically due to high rupture risk of the secondary aneurysm, and consequently of 
the primary aneurysm. The aneurysm ruptured 4 months after the last follow-up test 
and was successfully embolised.
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4.2. Sidewall Aneurysm of Large Neck Width Located on Artery of Medium
        Curvature

Using images from the spiral CT, the following geometrical parameters of the an-
eurysm and the artery in the initial growth phase of the secondary aneurysm were 
determined:
 • Curvature of the artery on which the primary aneurysm was located:
  0.1 mm–1;
 • Width of the primary aneurysm neck: 9.7 mm;
 • Radius of the primary aneurysm: 5.4 mm;
 • Width of the secondary aneurysm neck: 1.8 mm;
 • Height of the secondary aneurysm: 0.4 mm.
 As for the above specified values of parameters, the shape coefficient λ and the 
size coefficient µ were 0.444 and 0.167, respectively. Thereby, the aneurysm was 
located within the secure zone. Location of the aneurysm in the initial growth phase 
is denoted as O 1 in Fig. 8.
 The follow-up test showed that width of the secondary aneurysm neck was 3,4 
mm, height of the secondary aneurysm was 2.2 mm, radius of the primary aneurysm 
was 6.2 mm, and width of the primary aneurysm neck was 10.12 mm. As for those 
parameters, the shape coefficient λ and the size coefficient µ were 1.294 and 0.274, 
respectively, and the aneurysm was located in the transitional zone. Location of the 
aneurysm in the second growth phase is denoted as O 2 in Fig. 8.

Fig. 8. Identification of the rupture risk of the sidewall aneurysm of small neck width on the artery of high
curvature ( � 1 and � 2) and of the sidewall aneurysm of large neck width on the artery of medium

 curvature (O 1, O 2 and O 3)
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 The next follow-up test showed that width of the secondary aneurysm neck 
was 3.8 mm, height of the secondary aneurysm was 3.6 mm, radius of the primary 
aneurysm was 6.6 mm, and width of the primary aneurysm neck was 11.2 mm. As 
for those parameters, the shape coefficient λ and the size coefficient µ were 1.895 
and 0.288, respectively, and the aneurysm was located in the rupture zone. Location 
of the aneurysm in the third growth phase is denoted as O3 in Fig. 8. Taking into 
account the results of simulations, i.e. occurrence of the wall shear stresses exceed-
ing 10 dyn ⋅ cm–2 in the area of the blood impingement at the neck of the primary 
aneurysm of width larger than 8 mm, and relatively high curvature of the artery 
equal to 0.1 mm–1, this case must be immediately treated surgically due to high 
rupture risk of the secondary aneurysm, and consequently of the primary aneurysm. 
The aneurysm ruptured 3 months after the last follow-up test and was successfully 
embolised.

5. Conclusions

The results of the tests related to static and dynamic properties of the intracranial 
aneurysms and the model of growth of the primary and the secondary aneurysm 
can be used in further researches leading to elaboration of the decision-making 
system helpful for neurosurgeons. Analysis of parameters such as artery curva-
ture, wall shear stress, relative tensile stress and size of the area of elevated wall 
shear stress has made possible to assess the rupture risk of five clinical cases 
of the primary and the secondary aneurysm. The results are absolutely essential 
for neurosurgeons, as one of the tested aneurysms was in the state of relative 
stability and did not rupture, whereas three aneurysms were located in the rupture 
zone and actually ruptured a few months after the follow-up test. The exception 
was the case of the aneurysm of the medium neck width located on the artery of 
medium curvature, as there was a discrepancy between the criterion qualifying 
the aneurysm to the transitional zone and the clinical evidence (the aneurysm 
ruptured shortly after the follow-up test). Therefore, it has been proved that 
analysis of the rupture risk solely on the criterion of size of the primary aneurysm 
and occurrence of the subarachnoid hemorrhage is not reliable due to omission 
of aspects of hemodynamics of blood in the aneurysm and the artery, as well 
as stresses related to the secondary aneurysms. These extra factors guarantee a 
more precise assessment of the rupture risk of aneurysms and provide a perfect 
basis for elaboration of the decision-making system.
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